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Abstract 


The article proposes generalizations of the macroscopic model of plasma 
of scalar charged particles to the cases of inter-particle interaction with 
multiple scalar fields and negative effective masses of these particles. The 
model is based on the microscopic dynamics of a particle at presence of 
scalar fields. The theory is managed to be generalized naturally having 
strictly reviewed a series of its key positions depending on a sign of par¬ 
ticle masses. Thereby, it is possible to remove the artificial restriction 
contradicting the more fundamental principle of action functional addi¬ 
tivity. Additionally, as a condition of internal consistency of the theory, 
particle effective mass function is found. 

This work was founded by the subsidy allocated to Kazan Federal University 
for the state assignment in the sphere of scientific activities. 

1 Introduction 

In the previous article [T] the Author considered certain strict consequences 
of the dynamic equations for the statistical systems of scalar charged particles 
without the suggestion of nonnegativity of the effective rest mass of the scalar 
charged particles. The removal of the restriction on the sign of the effective 
mass of scalar charged particle allows us to make the dynamic theory compatible 
with the action additivity principle. In the article we build the complete system 
of macroscopic equations for the statistical system of scalar charged particles 
without a restriction on the sign of the effective mass. Also we specify the form 
of the mass function. 


2 The Rate of Change of the Dynamic Averages 

Let us now calculate the rate of change of the dynamic function’s average ipis) 
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Calculating the time r derivative of both parts of m with an account of the 
symbolic rule for the differentiation of Dirac 6 - function 




we hn: 

f u f v\ 

—j— = J ^ 

Q 

^-^(^F{v{sW{v{s))dr^. ( 2 ) 

In the integral ([2]) we take into account the constancy of the particle phase space 
[I] dT/ds = 0 and the relation for the total derivative of the dynamic function 
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Then we obtain: 
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Let us then take into account relation [T] 


dH 

ds 


[H, H]=0,^H = Const. 


(4) 


and the linearity of the Poisson bracket: 


[H, F^] = [H, f6{H)^] = S{H)[H, f^]. (5) 


Then carrying out the integration over time derivative and mass surface, we 
find: 

= J m4H,fip]dro ( 6 ) 

Oq 

In particular, for the particle number’s rate of change 

dN{T) = F{x, P)6{s - s{r))dr (7) 

putting 'i/i = 1 in m, we hnd: 

= J m^lHJjdl'o ( 8 ) 
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Let us now take into account the differential equation [T] for the Hamilton 
function of scalar charged particles 

= + (9) 

//fc* Ui i 

Then we finally obtain: 

= + ( 10 ) 

SIq 

Thus, the relation for the change rate of the dynamic averages does not depend 
on the sign of a mass function. 

Let now range Hq covers the entire 6-dimensional phase space Tg. For the 
sake of simplicity of the first integral in (nni) it is required to make use of the 
integral relation for the Cartan derivative (see e.g., my- 

j V,'iP{x,P)dP = V, J ^{x,P)dP. (11) 

P(X) P{X) 

Then let us accept the suggestion regarding features of the dynamic functions 
on the infinite sphere T,p(X) covering 3-dimensional momentum space: 

fix,Pmx,P)\^^^^^^0. ( 12 ) 

Next, carrying out partial integration, we obtain the following integral relation: 

PoiX) 

Thus for (flO)) we find: 

= J dvv, J P^fHPo- (14) 

y Po 

3 Kinetic And Transport Equations 

3.1 The General Relativistic Kinetic Equations 

Since the factor of the effective mass sign does not explicitly depend on the form 
of the invariant general - relativistic kinetic equations we confine ourselves to 
brief information about relativistic kinetic equations (see e.g., SllSli). Due to 
the local conformity principle and the assumption about 4-dimensional pointness 
of particle collisions, the generalized momentum of the system of interacting 
particles is conserved in each act of interparticle interaction: 

= (15) 

I F 
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where the summation is carried out by all the initial states Pi and final states 
P/. Let the following reactions run in plasma: 


m m' 

VAaA^ y]] v'bO-'b^ 

A=1 B=1 


( 16 ) 


where qa are particle symbols and va are particle numbers in each channel of 
reactions. Thus the generalized momentums of the initial and final states are 
equal: 

m UA 'fPl' 

Pi=T.T.Pa. Pf=T.I1 P'b- (17) 

A—1 a B — 1 a' 

The distribution functions of particles are determined by the invariant kinetic 
equations 110 : 

m4HaJa]=laix,P), ( 18 ) 

where la{x, Pa) is an integral of collisions: 



la{x,Pa) = - X 


S^{Pf — Pi)Wif{Zjf — ZFi)Y\_dP; 

I-.F 


( 19 ) 


where 

Wfi = (27r)4|M/Fp2-^‘^^+^^^ 

is a scattering matrix of the reaction channel dT51) . {\Mif\ are invariant scatter¬ 
ing amplitudes); I is the initial state, F is the final state; 

ZlF = \{f{Pl)\{[l±f{P'^)\, 

I F 

ZFI = \{[l±f{P%)]\{f{P^). 

I F 

the sign “-I-” corresponds to bosons and correponds to fermions (please see 
details in 00). 


3.2 The Transport Equations of the Dynamic Quantities 


Let us now proceed to deriving the transport equations of the dynamic quanti¬ 
ties. Using the linearity of the Poisson bracket and making equal the right parts 
of equations ([S]) and dUl) , we obtain the following integral relation: 


J dv(v, J P^f^dPo 


Po 



fm^[H,'4!]dPo I = 0. 


( 20 ) 


^Normalization factor m* in the left part of (I17II takes account of the Hamilton function 
normalization ®. 
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In consequence of the arbitrariness of range V we hence obtain an integral- 
differential relation: 

V, J P^fHPe - 

Po 

J [H, f]dPo - J fm^ [H, 'ijj]dPo = 0. (21) 

Po Po 

Substituting instead of the Poisson bracket its expression from the kinetic equa¬ 
tions dT51) into the second integral in (HU, we obtain: 

V, J P^fHPo - J ^ladPo - J fm,[H, = 0. (22) 

Po Po Po 


Summarizing now (1221) by all particle sorts and taking into account the ex¬ 
pression for the integral of collisions, we obtain the transport equations of the 
dynamic quantities 'ipa{x,Pa) in the capacity of the general-relativistic kinetic 
equations (HU): 

V. ^ / 'HafaP^dPa - 
“ Po 

f fam*[Pa,'i’a\dPa = 

“ Po 

/ / m m' \ 

uy cnarifiLS 1 B—1 

5'^{Pf — Pi){ZifWif — ZfiWfi) (23) 

ip 

where the summation is carried out by all the reaction channels (HU). 

Putting = Qa in (j23p . where pa are certain fundamental charges being 
conserved in reactions HU, with account of (HU, HU and (E51) we obtain the 
transport equations of the plasma particle 
number flux densities: 

V.Pg = 0, (24) 

where: 

2 9 - 1-1 f 

Jh=Y. 9a J fa{x, P)P^dPo. (25) 

“ Po 

is a density vector of the fundamental current corresponding to charges pa- 
Particularly, the conservation law (IMl) always is held for each particle sort b 
ida = da) given their collisions are elastic. 
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Let us put 'I'o = in (1^ 'I'a = Then as a result of the conserva¬ 
tion law of the generalized momentum at collisions (USD, the integrand in big 
parentheses (1^ is equal to: 


m m' 

i'b^'b = Pi — Pf = 0- 

A=1 B=1 

Thus, taking into account [T] 

[7L,P'=] = = (26) 

and m we obtain the transport equations of plasma energy-momentum: 

VfcT;'=-y]a(,)V*<i>, = 0, (27) 

r 

where there are introduced the plasma energy-momentum tensor 

= E P)P^P'^dPo (28) 


and the scalar densities of plasma charge relative to scalar field : 


rP) 


= E' 


rW 


(29) 


(r) 

where era are the scalar charge densities of a-component of plasma relative to 
scalar field 

oS'-Pl r 

J fa{x,P)dPo, (30) 

Po 

Particularly, for charge singlet {q, $) the conservation law (E71) takes form: 

VfeTf - = 0, (31) 

where it is (see [Sill]): 


0 Q -L 1 r 

= J f{x,P)dPo. (32) 

It should be noted that the form of the energy-momentum tensor (1^ and 
charge scalar density O which was found for scalar charged particles at given 
Hamilton function, is a direct consequence of the canonical equations and the 
assumption about conservation of total momentum in local collisions of particles. 
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3.3 Conservation of the Total Energy-Momentum Tensor 


The complete system of macroscopic equations consists, first of all, from the 
Einstein equations: 

i?*'= - = 87r(r;'= + Tf), (33) 

where is the determined earlier energy - momentum tensor of the statistical 
system and is the energy - momentum tensor of the system of N independent 
scalar fields: 


r 

rpik _ 

® ^ Stt 




(r) (r) 




(34) 


where for the classical scalar field it is £2 = Ij for the fantom scalar field it is 
£2 = —1; for the field with repulsion of the like charged particles it is Si = — 1. 
Let us note that the energy-momentum tensor of the scalar field in form (IMl) is 
obtained from Lagrangian [8]: 








(r) 



(35) 


Let us calculate the covariant derivative of the total energy-momentum 
tensor 


rriik rpik r rpik 

1 T p 1 g , 


Then let us find with account of (1511) and (IMl) : 




.(’■) 


□<& 


(r) 




47r cr^’'^ 


V,4>(^) = 0. 


(36) 


(37) 


Due to functional independence of the derivatives of scalar potentials 
, the fulfillment of following series of conditions is the enough and sufficient 
condition for the fulfillment of (1571) : 


□4>(r) -I- = —4:7re^^a^^\ 


(38) 


Thus we obtain the system of equations for the potentials of scalar field of 
Klein-Gordon kind of equations (accurate within signs) with sources. 
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4 Thermodynamic Equilibrium of Plasma in the 
Gravitational Field 


4.1 The Locally Equilibrium Distribution 

At presence of thermodynamic equilibrium it is: 

dS 


dr 


= 0 . 


(39) 


Let us first suggest that interactions of all T particles is invariant. Then (I39|l 
can be fulfilled only at fulfillment of the next conditions (see [6]): 


Zfi — Zif = 0 


if 


(40) 


in each channel of reactions (IT51) . Equations (HOI) are similarities of the functional 
Boltzmann equations [9]. In order to solve them let us make the following 
substitute: 

F, =e-^“(e-^“Tl)”' = , (41) 

as a consequence of which values Zif and Zfi take form: 


Zif — 


b/ 


Zfi — 


/ 


b/ 


Tl) 


(42) 


Then after taking the logarithm, equations (l40)) take form: 

m UA TTl' 

A=la^l B^l/3^1 


(43) 


where these relations must be fulfilled also in each channel of reactions (fTOl) . The 
unique solution of (1431) at arbitrary particle momentums are the linear functions 
of the momentums: 

cl^Ain) =-^a{x) + {U,Pa) , (44) 

where due to the distribution function invariance A a (a:) are scalars and Cix) 
are vectors in the configurational space. Substituting (H41) into equations (I43p 
and taking into account the law of generalized momentums’ conservation at 
collisions, we obtain as a result of arbitrariness of particle momentums: 

a(x)=r(a;); (45) 

N 

(46) 

A^l 

where ||z/^|| is an integer matrix introduced in [^. In consequence of the obvious 
closure condition of all cycles of the reactions 

rank||r'^|| < V (47) 
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equations (I46[) always have a nontrivial solution. 

Conditions and are the conditions of the local thermodynamic equi¬ 
librium 

(LTE); scalars A^(a:) are called chemical potentials of the statistical system. 

Substituting solutions (1441) into (HD) with an account of (|^5]) we find the local 
equilibrium distribution functions: 

/°(x, Fa) = {exp[-Aa + if, P,)] T !}■' , (48) 


where, as before, the upper sign corresponds to bosons while the lower one - to 
fermions. 

For convergence of the moments of distribution (H51) vector 
f^ix) should be timelike: 

f^ = if,f)>0. (49) 

Let us with the help of Cix) introduce a timelike field v^{x): 

v^ = j; {v,v) = l, (50) 

a local temperature 9{x) [5]: 

9ix) = r' (51) 

and chemical potentials f^aix) in the ordinary normalization: 


The distribution 


/ia(x) = 9ix)\aix). 
can be written in the following form: 

t^a (^, l^ti) 


faix,Pa) = < exp 


Tl 


(52) 


(53) 


4.2 The Moments of the Equilibrium Distribution 

Let us calculate the moments of distribution (l48t . Here it is convenient to 
proceed to locally Lorentzian reference, time component of which is directed in 
the line of vector ri® and the mass surface equation in which (. m) 

iP,P)=ml (54) 

takes form: 

= p2 + rnl. (55) 

Then we should proceed to spherical coordinate system in momentum space 
P{X) and generalize the obtained results covariantly. As a result we obtain 
the expressions for particle number density vector’s components rdaix) and the 
energy - momentum tensor of a component of plasma m, m- 

riaix) = naix)v" ; 

(x) = i£a + Pa)Pv^ - Pag^^ 

a 
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(56) 

(57) 





Calculating introduced above scalars for each sort of particles, we obtain: 


OC 

=2^/ 


P^dP 


0 exp 




)t1 


„ , , p f ^ml + P^P^dP 

OC 

=6^/ 


0 exp(--) T 1 

P*dP 




( 58 ) 


( 59 ) 


( 60 ) 


(r) 

p'^dp 




In such case: 


P = ^P,; aW=^aW. 


( 61 ) 


( 62 ) 


Let us notice that unit vector in the direction of particle number density 
vector is called a kinematic medium veloeity and unit timelike eigenvector of 
particle energy - momentum tensor is called a dynamic medium velocity. Eigen¬ 
value of energy - momentum tensor corresponding to this vector is called a 
medium energy density (see e.g. in)- Thus, at conditions of local thermo¬ 
dynamic equilibrium, particle kinematic velocity coincides with their dynamic 
velocity and is equal to 


4.3 Symmetries of Thermodynamic Equilibrium 

A chemical potential of massless particles having zero fundamental charges at 
conditions of local thermodynamic equilibrium is equal to zero. This conclusion 
follows from the fact that numbers of such particles participating in reactions 
((4S1) can be absolutely arbitrary. Then from the fact of existence of the reaction 
of particles and particles annihilation it follows the next well-known relation 

m- 

Pa = -Pa- ( 63 ) 

Let then exists A^-plet of scalar fields: 

$ = ( 64 ) 

Let us find out how the macroscopic scalar densities dSll) - (ED) are transformed 
relative to transformation: 

$ : $ ^ ( 65 ) 
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( 66 ) 


At transformations $ (1551) effective particle mass (. m) 

r 

is transformed by the law: 

TO*(-$) = Too - ^ = 2mo - to*($). (67) 

r 

Therefore at transformations (l65l) effective masses of particles and an¬ 
tiparticles are tied by the relation: 

TO*(—€>) = TO *($). (68) 

Thus, we obtain the transformation laws of scalar densities (EHI) - (HI]) rela¬ 
tive to transformation $ (l65l) : 

n„(-$) = n„($); £:„(-$)= £a(^); (69) 

P„(-$) = Pa($); (70) 

i.e. macroscopic scalar densities are invariant relative to transformation 
Let us consider now the transformation of charge conjugation: 

Q : ^ -<ia\=> q ^^ -q> (71) 

where q is a charge matrix oi n x N size: 

( ••• \ 

q = <l2^ ■ ■ ■ Qn^ 

••• j 

Let us investigate scalar densities dSll) - (El) transformation law at charge 
transformation Q (El)- We obtain the effective mass transformation law: 

m*(—q) = 2 too — TO*(q) (72) 

and similarly to (1551) : 

TO*(-q) =-TO*(q), (73) 

Let us consider now particles and antiparticles in thermodynamic equilib¬ 
rium. In this case relation (1631) between chemical potentials of particles and 
antiparticles should be taken into account as well as the fact that in sums over 
particle sorts both particles and antiparticles occur in same positions. Then we 
can find the summary densities’ transformation laws: 


«o(-q,- m) = 

77a(q,Ai); 

(74) 

7’a(-q,-/i) = 

Pain, m) 

(75) 

fa(-q,-Ai) = 


(76) 

■M(-q,-A.) = 


(77) 
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i.e. scalar densities are invariant also with respect to charge conjugation Q 
subject to change /i —>■ /I = —/r. Thus, at least in conditions of local thermody¬ 
namic equilibrium, the kinetic theory of statistical systems with scalar particle 
interactions, if expanded to range of negative masses, is invariant with respect 
to scalar-charge conjugation. 

Let us then notice that the formula for the effective mass is invariant with 
respect to product of transformations ([65]) dZlI) Q X 


-^) = W*(q, $). (78) 

Therefore we find the following formulas for scalar densities transformation with 
respect to composition of transformations Q x $ ; 

na(-q,-$)= na(q, $); (79) 

Pa(-q,-$)= Pa(q,^) (80) 

fa(-q,-$)= £:a(q,$); (81) 

a«(-q,-#)= -ai’-^(q,$), (82) 

Thus, scalar charge density change its sign. 


This last property ensures internal consistency of the theory. Indeed, expos¬ 
ing scalar field equations (1551) to transformation Q x $ with an account of (I82p 
and linearity of the left part of equations (1381) . we find the original equations. 
Thus, scalar field equations (1381) are also invatiant with respect to transforma¬ 
tions Q X $. The similar case exists also in Maxwell theory as well as in theory 
of classic gravitational field. 

4.4 A Case of Zero Bare Mass 

As is shown in [I], when selecting effective mass function in form 

Too = 0 ^ TO* = ^ gW ^ (83) 

r 

i.e. if bare mass is selected to be equal to zero, the theory becomes symmetric 
with respect to any of transformations (I65|) and dnD at a level of microscopic 


dynamics: 

TO*(— q) = — TO*(q), TO*(—$) = —to*(4>). (84) 

Thus, the following transformation laws take place: 

^^a(-q) = '«a(q); -Pa(-q) = -Pa(q) (85) 

'Sa(-q) = £a(q); cri''^(-q) = cri’'^(q), (86) 

as well as: 

nai-^) = na{^); Pa{-^) = Pai.^) (87) 

£ai-^) = fa(^); ai’’^(-$) = -ai’')($). (88) 


Thus, scalar charge density changes its sign with respect to transformation $. 
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4.5 T-Noninvariant Interactions 

Let us now consider T-noninvariant interactions assuming however that particle 
distributions remains equilibrium i.e. (1481) . But then functional relations (1401) 
are identically fulfilled and then entropy rate of change is equal to zero i.e. we 
again obtain the LTE condition (1391) . Thus, system entropy is always conserved 
if particle distribution is locally equilibrium. 

Let us now return to transport equations (1231) . In conditions of LTE due to 
su these equations take simpler form: 

/ ipfp^dTT-^ f f[n,'S]dTr = 

A p ^ p 

k p 

dn . (89) 

A ij 

Putting, in particular, ijjA = ^% from (IM|) we find: 

k p 

dn . (90) 

iJ 

Integrating the right part of (|W))l over final states of particles we have: 

[Y[ii±f)mf-Wf,)d7:f. 
f 

Due to unitary property of the S'-matrix and the optical theorem (see i) this 
integral is equal to zero. Therefor in conditions of LTE the conservation law of 
each particle sort conservation takes place: 

Vin), = 0 ^ Na = Const . (91) 

In ()91l) by Ua we should mean particles’ and antiparticles’ density difference : 

N+ - N- = Const. (92) 

4.6 A Global Thermodynamic Equilibrium 

The theory of global thermodynamic equilibrium is generalized trivially to the 
case of possibility of negative effective masses. Therefore we give here just basic 
relations referring reader to Author’s earlier works [SIIIQ]. In case when distri¬ 
bution functions (|48)) (or (15^ 1 are exact solutions of the kinetic equations the 
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statistical system lies in strict global thermodynamic equilibrium. In conditions 
of global thermodynamic equilibrium the laws of each particle sort conservation 
®a re filfilled and system entropy is strictly constant S = Const. To find the 
conditions of global thermodynamic equilibrium in case of T-invariant interac¬ 
tions let us substitute solutions (H51) in the kinetic equations. Since the integral 
of T-invariant interactions turns to zero on locally equilibrium distributions, let 
us reduce the kinetic equations to the form: 

[Ha,C^a]=0, (93) 

where it is required to substitute the expression for (pa (gH). With an account 
of relation dH]), we obtain: 

[Ha, Pa] = — - HK + dm*e) = 0. (94) 

TTl^ 

Thus, to ensure GTE there should exist a linear integral of motion where is a 
timelike vector. Taking into account the arbitrariness of the momentum vector, 
we obtain at m* ^ 0 the enough and sufficient conditions of GTE existence: 

L gik = 0; (95) 

L TO* = 0; (96) 

Xa = Const. (97) 

As a result of effective mass definition (l83l) and functional independence of scalar 
helds we can find more strict conditions of GTE from (|M)l : 

L$m= 0, (r=T;iV). (98) 

Next, since all moments of the equilibrium distribution function are deter¬ 
mined via scalars Xa, $(*,) and tensors 5 *^, ■■■, then distribution 

function moments’ conservation laws [ 3 ] are also fulfilled: 

L< = 0; (99) 

e 

0 ( 100 ) 

? a 

etc. As a result of these equations in the direction of there are conserved the 
components of Riemannian tensor, Ricci tensor and Einstein tensor: 


L Rijkl — 0 5 


L Rij = 0; 


L Gij — 0. 


( 101 ) 


Therefor in consequence of the Einstein equations the following relations should 
fulfill: 


L Ty = 0 . 


( 102 ) 


14 



5 The Conclusion 


In this article we extended the kinetic theory of interacting particles to the 
case of arbitrary number of scalar fields, having removed the artificial sugges¬ 
tion about nonnegativity of particle effective mass. For correct generalization 
of the kinetic theory to negative effective masses of particles we were required 
to review the series of key points of this theory. In the end we have obtained a 
natural generalization of the macroscopic theory of substance interaction with 
scalar fields. This generalization of the theory is free of any problems in case 
of negative effective masses of particles. It should be noted that in case of zero 
bare mass the theory becomes completely invariant with respect to charge con¬ 
jugation. Let us also highlight that he sign of particle effective mass function 
does not impact on positive definition of particle number density, pressure and 
energy density but only it has an impact on the sign of scalar charge density. In 
next article we are going to apply the obtained results to certain cosmological 
and astrophysical problems. 
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